
32 ZHURNAL PRIKLADNOI MEKHANIKI I TEKHNICHESKOI FIZIKI 
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There is a whole series of processes in which the principal role 
is played by the kinetics of heat and mass transfer between some poly- 
disperse system of particles and the surrounding medium. These pro- 
cesses include, for example, the burning of fuel in pulverized or liquid- 
droplet form in a gaseous medium, heterogeneous chemical reactions, 
proceeding in different phases and accompanied by diffusion and heat 
flows to the particles, various processes of heat and mass transfer in 
fiuidized beds, extraction processes, the evaporation of droplet or 
particulate aerosols, the dissolving of solid particles, processes of oil 
degasification, and so on, In describing the kinetics of such processes 
it is usual to employ resuks obtained from an examination of the bound- 
ary value problem for the equations of diffusion arid heat conduction in 
the neighborhood of an individual particle. However, as a rule, the 
heat and mass transfer rates for a multi-particle medium depend, apart 
from the characteristics of each particle, on the state of the medium 
in which the particles are located. Since the state of the medium, in 
turn, depends on the kinetics of the processes at each particle, the 
problem of heat and mass transfer of the particle system becomes non- 
linear, even if the corresponding problem for a single particle is lin- 
ear. For example, the rate of burning of an aerosol depends on the 
composition of the gas, which varies with time [1, 2], the chemical 
reactions are determined by the concentration pf reactants and reac- 
tion products in the medium, which also depend on the history of the 
process, and so on. All this leads to serious difficulties in computing 
various quantities of practical importance (e. g., the amount of fuel 
consumed or reaction product formed). The problem becomes even 
more complicated if the system of particles participating in a heter- 
ogeneous process is polydisperse, and interest attaches to certain more 
detailed characteristics of the system such as: the mean diameter and 
distribution function of the particles, the variation of this function with 
time, etc. Moreover, in [3] it was shown in relation to a particular 
example that it is impossible to interpret a real process involving a 
polydisperse system of particles with the help of certain relations for 
a monodisperse system, even in cases where only the integral charac- 
teristics of the process are of interest. 

In this paper attention is concentrated primarily on the question 
of making an accurate allowance for the polydispersity, and secondly, 
on the elimination of the difficulties associated with the above-men- 
tioned nonlinearity. Therefore we shall consider one of the simplest 
problems of this kind, namely, the evaporation of a system of droplets 
in a turbulent gaseous medium, when the investigation of the evapora- 
tion kinetics of a single droplet in an infinite gas can be reduced to 
the solution of a single equation of parabolic type in a space with an 
excluded sphere. This problem is also of considerable independent in- 
terest: among its possible applications it is sufficient to mention the 
physics of clouds and the evaporation of various artificial fogs, created 
in the chemical industry and in laboratory practice. 

The problem of evaporation of a polydisperse system of droplets 
was previously solved in [3]. A certain generalization of the equation 
obtained in that paper is presented in the first section of this article. 
We note that the formulation of the problem adopted here is very sim- 
ilar to that of [3]. 

w F o r m u l a t i o n  o f  t h e  p r o b l e m .  We s h a l l  a s s u m e  

t h a t  t h e  c o n c e n t r a t i o n  o f  t h e  v a p o r  and  t h e  t e m p e r a t u r e  

a r e  r o u g h l y  t h e  s a m e  a t  a l l  p o i n t s  in  s p a c e .  S t r i c t l y  

s p e a k i n g ,  t h i s  a s s e r t i o n  i s  v a l i d  on ly  f o r  d r o p l e t s  in  

a s u f f i c i e n t l y  t u r b u l e n t  m e d i u m ;  i t  i s  a l s o  u s u a l l y  a s -  

s u m e d  to  ho ld  in  t h e  c a s e  o f  a c l oud ,  e t c .  M o r e o v e r ,  

f o r  s i m p l i c i t y  w e  s h a l l  a s s u m e  t h a t  t he  t e m p e r a t u r e  

i s  s u c h  t h a t  t he  c o n c e n t r a t i o n  of  s a t u r a t e d  v a p o r  i s  
m u c h  l e s s  t h a n  the  d e n s i t y  of  t he  m e d i u m  (this  a s s u m p -  
t i o n  i s  va l id ,  a s  a r u l e ,  in  r e a l  c o n d i t i o n s ) .  T h i s  e n -  

a b l e s  us ,  f i r s t l y ,  to n e g l e c t  l o c a l  v a r i a t i o n s  of t e m -  

p e r a t u r e  a t  t he  s u r f a c e  of  t h e  d r o p l e t s ,  a s s u m i n g  t h a t  

on ly  t h e  a v e r a g e  t e m p e r a t u r e  of  t h e  s y s t e m  as  a w h o l e  

v a r i e s ,  and s e c o n d l y ,  to  d i s r e g a r d  S te fan  f low and the  

r e s u l t i n g  v a r i a t i o n  in  t h e  r a t e  of  e v a p o r a t i o n  of i n d i -  

v idua l  d r o p l e t s .  We a l s o  n e g l e c t  t he  p o s s i b l e  c o a g u -  

l a t i o n  of  d r o p l e t s  and a s s u m e  t h a t  t h e i r  c h a r a c t e r i s t i c  

d i m e n s i o n s  a r e  s u c h  t h a t  i t  i s  p o s s i b l e  to  d i s r e g a r d  

the  d e p e n d e n c e  o f  t h e  s a t u r a t e d  v a p o r  p r e s s u r e  on 
d r o p l e t  r a d i u s .  T h e s e  a s s u m p t i o n s  i m p o s e  d e f i n i t e  

l i m i t a t i o n s  on  t h e  d i m e n s i o n s  of  t h e  d r o p l e t s  of  t h e  

s y s t e m ,  w h i c h  c a n  b e  d e s c r i b e d  w i t h  t h e  a id  of  t he  

r e l a t i o n s  o b t a i n e d  b e l o w .  

S ince ,  by  a s s u m p t i o n ,  t h e  t e m p e r a t u r e  i s  r e m o t e  

f r o m  b o i l i n g  po in t ,  i t  i s  a l s o  p o s s i b l e  to  n e g l e c t  t he  

e f f e c t s ,  c o n s i d e r e d  in  [4], o f  a d e c r e a s e  in  d r o p l e t  

r a d i u s  in  t h e  p r o c e s s  o f  e v a p o r a t i o n ,  and f o r  t he  r a -  

d i u s  r o f  t h e  i n d i v i d u a l  d r o p l e t  to  w r i t e  t h e  M a x w e l l i a n  

exp  r e  s s i o n  

dr D (  
e-~ = q (t) - -  q" (t)). ( 1 . 1 )  

H e r e  D i s  t h e  c o e f f i c i e n t  o f  d i f f u s i o n  of  v a p o r  in  t he  

m e d i u m ,  p i s  t h e  d e n s i t y  of  t h e  l iqu id ,  q*(t)  i s  t h e  

d e n s i t y  of  t h e  s a t u r a t i n g  v a p o r  a t  a g i v e n  t e m p e r a t u r e  

T(t) ,  and q(t)  i s  t h e  d e n s i t y  o f  t h e  v a p o r .  

A s  in  [3], w e  d e s c r i b e  t h e  p o l y d i s p e r s i t y  of t he  

s y s t e m  w i t h  t h e  h e l p  of  t h e  s p e c t r a l  f u n c t i o n  

dn (r) = no/(r ,  t) dr, 

(1 .2)  

] ( r ,  O) = / o  (r), I /o(r)  dr = 1. 
0 

H e r e  n o i s  t h e  n u m b e r  of  d r o p l e t s  p e r  un i t  v o l u m e  

a t  t h e  i n i t i a l  m o m e n t .  T h e  c h a n g e  o f f ( r ,  t)  w i t h  t i m e  

f o r m a l l y  c o r r e s p o n d s  to  t h e  f low of  a c e r t a i n  f i c t i -  

t i o u s  l i qu id  w i t h  d e n s i t y f ( r ,  t) ,  f o r  w h i c h  t h e  c o n -  

t i n u i t y  e q u a t i o n  h o l d s .  T h u s ,  w e  g e t  f o l l o w i n g  a n a l o g  

o f  t h e  k i n e t i c  e q u a t i o n  in  t he  r e g i o n  r > 0: 

O] dr O] D q ( t ) r q * ( t  ) (OJ ]_]_~_O (1 .3)  

T h e  s o l u t i o n  of  t h i s  e q u a t i o n  h a s  t h e  f o r m  

/ (r, t) = r (r s + 0 (t)) -'l~ ]o [(r s + 0 (t))'-0], 

t ( 1 . 4 )  

O(t) = ~ I  [q* ( x ) - - q  (x)] d r .  
o 
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The p rob lem can be cons ide red  solved if it  is pos-  
s ible  to find the function 0(t). We shall  use  the method 
of [3]. F r o m  the condit ion of cons tant  total  content  of 
evapora t ing  subs tance  per  uni t  volume we have 

t~ 

q ( t ) =  %+-~-~pno  <re 3 } - .  /0[(r ~ +O) d(r2+O)V , .  
0 

Here  i t  is a s sumed  that  the volume occupied by the 
drople ts  is r e l a t ive ly  smal l ;  he re  and hencefor th  the 
subsc r ip t  zero r e l a t e s  to the in i t i a l  moment ,  and the 
symbol  ( > denotes averag ing  over  the d i s t r ibu t ion  

f0(r).  In accordance  with the defini t ion of 0(t), f rom 
(1.4) we have 

p dO (1.6) q(t)  = q*(t) , 2D dt " 

The quant i ty  q*(t) may be a s sumed  to be a function 
of the mean  t e m p e r a t u r e  Ti t  ) . However,  f rom the heat  
ba lance  equat ion it  follows that  

L 
r (t)  - -  T0 ~ - -  -2-  (q (t) - -  q . ) .  

Here  L is  the specif ic  heat  of evaporat ion,  c is  the 
specific heat  pe r  uni t  volume of the taro-phase sys t em 
at cons tan t  p r e s s u r e .  Thus,  q*(t) is a function of q(t). 
E l imina t ing  he re  and f rom (1.6) the funct ion q*(t), we 
obta in  a funct ional  r e l a t ion  between q(t) and the de r i va -  
t ived0/dt .  Subst i tu t ing in  (1.5), we obta in  for  0(t) the 
analog of the equation of [3] with al lowance for  the v a r -  
ia t ion of t e m p e r a t u r e  dur ing  evapora t ion .  Fo r  the m a -  
jo r i ty  of r ea l  s y s t e m s  th i s  equat ion can be s impl i f ied  
by a s s u m i n g  that  the reduc t ion  in  t e m p e r a t u r e  due to 
evapora t ion  is  not large ,  so that  q*(t) can be r e p r e s e n t -  
ed in  the fo rm of the f i r s t  few t e r m s  of a Tay lo r  ex-  
pans ion  with r e spec t  to the d i f fe rence  q(t) - q0. Then 
q(t) i s  a l i n e a r  funct ion of d0/d t .  We have 

, - dO I + bLqo / Cqo* 
q( t ) -=aqo  - - ~ - d Y '  a t + b L / r  ' 

(1.7) 
P 

= 2D(i + bL/cj " 

The quantity b is the coefficient in the expansion 

of q*(T) with respect to the difference T(t) - T o as- 

sociated with the first power of this difference. In- 

stead of (I. 5), after substitution of the variable of 

integration it is easy to obtain 

dO ~qo * - -  qo 
d t - -  ~ + 

(1.8) 
co 

3~ npn0 (p~ - -  0 (t))VT0 (p) do --- < r0DJ .  

T h e  so lu t ion  o f  this  e q u a t i o n  is d i f f i cu l t  even  for the  s imples t  

forms o f  the  i n i t i a l  spec t r a l  func t ion  f0(r). However ,  as in [3], for 

0 i t  is easy to ob ta in  a p p r o x i m a t e  fo rmulas  co r r e spond ing  to l a rge  

and  sma l l  i n i t i a l  unsa tu ra t ions ,  a s y m p t o t i c  fo rmulas  for l a rge  t,  e t c .  

An e x c e p t i o n  is the  e v a p o r a t i o n  o f  a monod l spe r se  sys tem of  d rop -  

lets ,  when the  so lu t ion  o f  ( I .  8) is o b t a i n e d  wi thou t  d t f f i c u h y .  In f ac t ,  

in this case  f d r )  = 6(r - r0), and  a f te r  a series of t r ans fo rma t ions  we 

ge t  for 0(t)  the  a l g e b r a i c  e q u a t i o n  (0(t)  < r0) 

r ,  

f0 co d~) r 0 ) =  (rd - -0  (0) '/', t ~ 2 A . + .  Bo)~ , 
r ) 

,4 = aq~ - -  qo 4~pn~ro a 4gpn0 
- 3~ , B = - - N - "  

If  a t  a ce ; t a in  m o m e n t  t o the  quan t i ty  O(t0) is c o m p a r e d  with r 0 
(this is possible only  i f  A > 0), then at  this m o m e n t  the system of  

droplets  d isappears ,  and at  t > t o we have  

] (r, t) ----- 0, q (t) -~ qo "~- 4/s ~pnor~ ,  

T (t) ~ "to - -  4ta 1tpnoro aLc-L  

If  A < 0, then,  as m a y  eas i ly  be seen, as t ~ ~ equ i l i b r ium is 

a t t a i n e d  be tween  the droplets  and the  m e d i u m ,  the a sympto t i c  radius  

of  the droplets  be ing  eas i ly  c o m p u t e d  from ( 1 . 8 )  with dO/dt  = 0; we 

h a v e  

roe = r, -- {r0 2 -- ire 8 -- (~I~ .~p,o) -I (~qo* -- q,)]VqV~ 

Hence  and f rom the b a l a n c e  equa t ions  i t  is possible to express 

q~,  Too a lso .  T h e  results c a n  be ex t ended  to the case  when the  sys- 

t em consists o f  severa l  monodisperse  f rac t ions ;  however ,  in more  

general cases  Eq. ( 1 . 8 )  gives practically no~hing. Therefore it is of 
interest to investigate the ldnetic equation (1.3) from other viewpoints. 

w S e l f - s i m i l a r  s y s t e m s .  It is  known that  in  a 
n u m b e r  of cases ,  when the f luctuat ions  of the e x t e r -  
nal  condi t ions  a re  smal l ,  the spec t rum of the sys t em 
of drople ts  at any moment  of t ime  is c ha r a c t e r i z ed  
by cons tant  quan t i t i e s - - the  m e a n  radius ,  the volume 
of the drople ts ,  etc.  r e m a i n  unchanged;  only the n u m -  
b e r  of d rop le t s  p e r  uni t  vo lume n(t) changes,  i . e . ,  
the sys t em i s  s e l f - s i m i l a r .  It is  na tu ra l  to seek a 
s o l u t i o n f ( r ,  t) of Eq. (1.3) for such a sy s t em in  the 
fo rm of the product  r (DR(r). Subst i tut ing this  in (1.3), 
we obta in  

- - -  < 5) d e  D ( D ( q , ( t ) _ q ( t ) ) 7 ~  ~ i / - -  = 0 . ( 2 . 1 )  
dt 9 

Setting d R / d r  - R / r  = - 2 s r R ,  where  s is  a con-  
stunt, we have 

R (r) = 2sr exp (-- sr ~) . (2.2) 

The p r o b l e m  for  6 (t) has  the fo rm 

dO , 2D , 
7 f + ~ - s ( q  ( t ) - - q ( t ) ) q ) = O ,  ( I ) ( 0 ) = i .  (2.3) 

Condition (1.2), with (2.3), g ives  R(r) = f0 (r), 
which d e t e r m i n e s  the cons tan t  s in  (2.2). F r o m  (1.6) 
and (1.7) we have 

q* it)  - -  q (t) = 2@~ (aqo* - -  q ( 0 ) .  

Hence and f r o m  (1.5) we get 

2Dp-ls  (q* (t) - -  q (t)) = a + b(D (t), <r0 ~> = ~I~ }fns -'/ ', 

s ' * - - -g-npno<ro >), b = ~ p n 0 < r 0 S > .  a = - ~  (aqo - -  qo 4 s 4s 

Thus ,  Eq. (2.3) is  w r i t t e n  in  the fo rm 

dCP / dt + a ~  + bqP 2 = 0 .  
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T h i s  i s  t h e  o r d i n a r y  B e r n o u l l i ;  i t s  s o l u t i o n  f o r  

r  = 1 i s  

(1)(t) = [(t  + b [ a)e at - -  b / a F  t . ( 2 . 4 )  

We shal l  consider some spec ia l  cases.  1. Let a > 0 be the i n i t i a l  
"water content* less than the i n i t i a l  unsaturation; at t ~ a-* we have  

q) (t) ~ ae-at (a -}- b) -1. 2. At a = 0 we get  the spec ia l  case when the 
system evaporates entirely, the equality q(t) = q*(t) being satisfied as 
t --~ 0% The quantity @(t) decreases to zero in accordance with the 
law q~ (t) = (1 -b bt)"a. 3. If a .~ 0, a q- b ~ 0 the initial "water con- 
tent" is greater than the initial unsatuxation; the system does not 
evaporate completely.  The l imiting value of eb(t) as t -* ~o is equal to 
t a l / b .  If a + b = 0, q (t) = q* (r ------ q0, i . e . ,  the system does 
not change at all. When a + b < 0 we have q(t) > q*(t), which corre- 
sponds to condensation growth of the droplets in the supersaturated 
medium.  However, since, when condensation is considered, gq. 
(1.3), written in the region t > 0, becomes unsuitable (it must be 
supplemented on the right by a term allowing for the appearance of 
new droplets in the system), the results corresponding to the latter 
case have little physical significance. 

A l l  t h e  o t h e r  q u a n t i t i e s  c h a r a c t e r i z i n g  t h e  s y s t e m  

m a y  b e  e x p r e s s e d  i n  t e r m s  o f  @(t): 

,~ (t) = nora (t), q (t) = qo + vo (1 - m ( t ) ) ,  

T ( t ) = T o - - L % c  -~ (1 - ~ ( t ) ) ,  7 0 = * / d t p n o < r o S > .  

H e r e  3/0 i s  t h e  i n i t i a l  " w a t e r  c o n t e n t . "  T h e  s p e c i f i c  

h e a t  c i s  e x p r e s s e d  i n  t h e  f o r m  o f  a s u m  

c = c~yo + c171 + c~7~ ~ c o n s t .  

T h e  t e r m s  o f  t h e  s u m  c o r r e s p o n d  t o  l i q u i d  v a p o r  a n d  

g a s ;  7 i  a r e  t h e  c o n t e n t s  o f  t h e s e  s u b s t a n c e s  b y  w e i g h t  

p e r  u n i t  v o l u m e ,  c i a r e  t h e i r  s p e c i f i c  h e a t s .  A s i m -  

p l e  a n a l y s i s  s h o w s  t h a t  t h e  m a x i m u m  r e d u c t i o n  o f  t e m -  

p e r a t u r e  o c c u r s  w h e n  3/o = ~ q ~ .  I n  t h i s  c a s e  

l i m  (To - -  T (t)) ---- aLc-Xqo * 
t~O~ 

d e p e n d s  v e r y  s t r o n g l y  o n  t h e  a b s o l u t e  i n i t i a l  t e m p e r a -  

t u r e .  

T h e  r e l a t i o n s  o b t a i n e d  h a v e  c o m p a r a t i v e l y  s i m p l e  

f o r m .  F r o m  t h e  p u r e l y  p r a c t i c a l  v i e w p o i n t  i t  i s  q u i t e  

u n n e c e s s a r y ,  o f  c o u r s e ,  f o r  t h e  t r u e  s p e c t r a l  f u n c t i o n  

t o  b e l o n g  t o  t h e  o n e - p a r a m e t e r  f a m i l y  ( 2 . 2 ) .  I t  i s  p e r -  

f e c t l y  s u f f i c i e n t  to  e x t r a p o l a t e  i t  f r o m  o n e  o f  t h e  f u n c -  

t i o n s  o f  t h i s  f a m i l y ,  w i t h  a c e r t a i n  e r r o r  p e r m i t t e d  b y  

t h e  c o n d i t i o n s  o f  t h e  s p e c i f i c  p r o b l e m .  I f  s u c h  e x t r a p -  

o l a t i o n  i s  p o s s i b l e ,  t h e  r e l a t i o n s  d e s c r i b e d  wiI1  c h a r -  

a c t e r i z e  t h e  b e h a v i o r  o f  t h e  s y s t e m  w i t h  s u f f i c i e n t  a c -  

c u r a c y .  

The spectral function of self-similar  systems are a sort of  eigen-  
functions of the nonlinear problem considered. In view of the nonlin-  
earity the direct application of the Fourier method to the solution of 
the problem for systems with functions )C0(r ) not belonging to (2.2) is 
impossible. However, it is possible to generalize the method some- 
what by reducing the problem to the solution of a certain system of 
ordinary differential equations. Let 

N N 
] Q ( r ) = 2  ~ s~%r exp(--snr2) ,  ~_j % = i .  (2.5) 

Functions of type (2.5) can be used directly, for example, to 
describe various natural and artificial systems in whose spectrum for 

various reasons there is more than one max imum.  We shall find f(r, 
t) in the form 

N 
] (r, t) = 2r ~ s,c,~) a (t) exp (-- sure ) . (2.6) 

n=l 

Substituting this expression in (1.3), we obtain, as before, the 
system 

d(Dn 2 O 
-dr -'l- ~-s~(q*(t)--q(t))~Dn=O, q)n(0) = t .  (2 .7)  

Hence, in particular, we immediate ly  obtain the relations 

~ra sn sra l n ~ n  ~ sr~ In @m, q~n ~ @m 

Assuming that s m > Sn, if m > n, we derive the important quali- 
tative conclusion that with the passage of t ime  the more distant max-  
ima of the spectral function (corresponding to large r) are smoothed 
out more rapidly than the nearer ones, i . e . ,  the moments <r k> de- 
crease with increase in t (and do not increase, notwithstanding the 
assertions of [3] ). It is also cleat that to solve the problem it is suffi- 
cient to find only one of the functions Cn( t ) - to  be definite we shall 
find q~l(t), corresponding to the smallest s n from (2.7), 

N 

d(l~ld-~ = - -  (D1 ( a l +  2 blCn)(I)lSn/St)j (2 .8)  

The constants a 1 and bl(n) are easily computed in the same way 
as u and b, 

N 
si ( . ,  en ) ~/'pnosl c• 

Tt~l 

For arbitrary c a and s n this equation can be integrated only nu-  
merical ly.  In the special case when s n = kns l, where k n are integers, 
the right side o f ( 2 . 8 ) i s  a polynomial, which can always be expanded 
in factors, and Eq. (2.8) integrated. The solution is then expressed in 
the form of a transcendental relation between ffl and t. In this case, 
obviously, the root is taken equal to unity at t = 0. For example,  in 
the case s z = 2Sl, s n = 0 when n > 2 we get 

2 q)i2 d@i 
in 1 q- TI(Di ~- T2 - - ' f i f  (DI~ ~--~i~l -~ T~ = - 2alt  

' k n pno ( i  --el) 1 ~-l--~--i J 

Here it has been assumed that bl (z) ~ O. Depending on the sign of 
the determinant 

we get different laws of variation of @(t), describing the evaporation 
under different possible initial conditions. 

w E x t e n s i o n  t o  s y s t e m s  w i t h  a n  a r b i t r a r y  i n i t i a l  

s p e c t r a l  f u n c t i o n .  T h e  r e s u l t s  o f  t h e  p r e c e d i n g  s e c t i o n  

s u g g e s t  t h e  i d e a  o f  f i n d i n g f ( r ,  t )  f o r  a r b i t r a r Y  f0  ( r  ) i n  

t h e  f o r m  o f  a n  i n t e g r a l  t r a n s f o r m  o f  s o m e  f u n c t i o n  

(s ,  t )  w i t h  a k e r n e l  b e l o n g i n g  t o  t h e  f a m i l y  ( 2 . 2 ) .  

L e t  

! (r, t)  = r ~ A (s) e -~r' O) (s,  t) d s .  

0 

(3. i) 
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Impos ing  on O(s, t) condi t ion ~(s ,  0) = 1, we get, 
in p a r t i c u l a r ,  

1o (r) = r ~ A (s)e-'r'dsp 
o 

Or, in t roduc ing  the new a r g u m e n t  cr = r 2, 

o ~  

(P (~ )= I  A(s)e-s~ (P(~)=/~ i ' (3.2) 
r I r= ] /~- "  

9 

The r e p r e s e n t a t i o n  of (3.2) i m m e d i a t e l y  enab les  
us to a n s w e r  the  ques t ion  fo r  what  <p(G) i t  i s  p o s s i b l e .  
Thus,  the only l im i t a t i on  i m p o s e d  on the type  of func-  
t ion ~(a) c o n s i s t s  in the r e q u i r e m e n t  that  ~p(G) be a 
Lap lace  t r a n s f o r m  of some  o t h e r  function A(s),  i . e . ,  
have an i n v e r s e  t r a n s f o r m .  The condi t ion  of ex i s t ence  
of  an i n v e r s e  t r a n s f o r m  is wel l  known; t h e r e f o r e ,  
hencefor th ,  the ques t ion  of the  d e g r e e  of g e n e r a l i t y  
wi l l  not be c o n s i d e r e d .  Consequent ly ,  the function A(s) 
m a y  be a s s u m e d  known. By ana logy  with the p r e v i o u s  
a rgumen t ,  i t  i s  a p p r o p r i a t e  to r e p r e s e n t  the  k e r n e l  in 
the  f o r m  ~(s ,  t) = ~s( t ) ,  i . e . ,  to w r i t e  in s t ead  of (3.1) 

] (r, t) = r [ J[ (S) e-~"~ ~ (t) ds. 
0 

(3.3) 

A f t e r  t r a n s f o r m a t i o n s  for  ~ (t) we get  the  equat ion 

d@dt = - - r b ( a - - ~ f  d s f  A(s)[ i - - f f ) s ( t ) lHe"Sr 'dr)  = 
o o ( 3 . 4 )  

4~pno l' . r~e "~r" dr) = - -  r (ao + GO-- :~ a~ A (S) r (t) 
O 

Here 

~qo* -- qo 4gpno t , 
a, = 13 3~ <r~ = ~ -  (aqo - -  qo - -  To). 

I n t e g r a t i n g  with r e s p e c t  to r in (3.4),  we f ina l ly  
ob ta in  

c o  

~l'pno -% 8 ds) ( 3 . 5 )  = r 

0 

The ch ie f  advan tage  of Eq. (3.5) a s  c o m p a r e d  with 
(1.8) c o n s i s t s  in the  fac t  tha t  in the i n t e g r a l  in (3.5) 
the  l i m i t s  of  i n t e g r a t i o n  do not  depend on the unknown 
funct ion,  and the i n t eg rand  i t s e l f  i s ,  a s  a ru le ,  s i m -  
p l e r  than in (1.8).  Even i f  (3.5) i s  d i f f icu l t  to so lve  in 
f in i te  fo rm,  i t s  so lu t ion  can a lways  be obta ined  nu-  
m e r i c a l l y .  F o r  r e a l  f o r m s  of f0(r)  the  ana logous  p r o -  
c e s s  m a y  p r o v e  i n a p p l i c a b l e  to (1.8). 

As an example, while bearing in mind possible applications to the 
physics of clouds, we shall consider the case when the initial spectral 
function is given by the known Khrgian-Mazin formula [5] 

I. (r) = Po '~  - r ' .  

The corresponding function r has the form 

(o) = ~ *  g S e x p  ( - o  VT).  (a.G) 

Hence we have the following function: 

o9--  2~ a~ exp( - m = 
A 0 ) =  ~ 77)" (3.7) 

Substituting (3.7) and (3.3) and integrating for ~(t) = 1, we get 
l (r ,  O) = 2r "~r,  as in fact we should. Moreover, 

~ . p n # ' f  = r ~'  ] e8 
c o  

~-'/' & A  (8) d~ 8 = _ ----~--- ~ (= - - ~ ) e , , p  L, ln 0 -  2 - / j -~ - -  
0 o 

c o  

�9 r . dx 

,~It4ca) l 
,0 

$ 

----kexp[--~ Z dn(--ln~))V'~' k - -  v o (3.8) 4~ 
? * ~ 0  [ 

Here d n are constants which may easily be expressed in terms of 
the parameters of the problem, if we use the identity 

c o  

f ( - ' ( C "  exp - -  - ~  - -p , x  ) -~ / "  = T exp [ - -  2 (v~)V']. 
o 

Substituting (3.8) ia (3.5), we obtain for the function * = - ln  _~ 

3 

d e  _ ao + k e~p ( -  ~ V %  ~ d~* ':'~. 
dt 

f t~O 

(3.9) 

The solution of this equation is always expressed in quadratures. 
In many cases it is important to know the behavior of q)(t) at smaI1 
and large times t, at different values of the unsaturation, etc. The 
corresponding formulas are obtained from (3.9) without difficulty. 
For example, at small 4~(t) (complete or almost complete evapora- 

tion) 

~ ao, �9 (t) ~ Ce -a~ when �9 (t) >~ i .  

For evaporation close to saturation (r (t) ~. i, ~ (t) ~ 0) 

dT 
-dg "~ a. + kdo + (dl -- oJdo) ~ y'rg. 

The problem may be treated in exactly the same way for other 

types of spectral functions. 
So far it has been assumed that the rate of change of the droplet 

radius can be expressed with the help of (1.1). This expression corre- 
sponds to the assumption that the diffusion of vapor from the droplets 
can be described on the basis of the Maxwell-Langmuir theory, in 
which the convective diffusion is not considered at all. The use of 
(1.1) is justified if  the turbulent pulsation scales are much greater 
than the particle dimensions, and the rate of fall of the particles in 
the medium does not significantly affect the diffusion flux. 

w Effec t  of  t u r b u l e n c e  on m a s s  t r a n s f e r  k i n e t i c s .  
In the g e n e r a l  c a s e  of  deve loped  s m a l l - s c a l e  t u r b u -  
l ence  e x p r e s s i o n  (1.1)  is  i n c o r r e c t .  It m a y  be r e -  
p l aced  by the r e l a t i o n  [6] 

dr ~D ~ q ,  
-~  = ~ (q (t) (0)" (4.1) 

He re  ~ i s  a coe f f i c i en t  depend ing  on the shape of 
the  p a r t i c l e s  (for s p h e r e s  ~ = 1), and 5 i s  the  m e a n  
t h i c k n e s s  of  the  d i f fus ion  b o u n d a r y  l a y e r .  

The turbulence of the medium may be caused either by external 

(mixing) or internal (motion of particles relative to medium) factors. 
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If the turbulence is due to external causes, then the characteristic 
Reynolds number R is determined by the flow parameters as a whole 
and in the first approximation does not depend on the dimensions of 
the droplets, etc. On the other hand, an effective contribution to the 
convective transfer of vapor molecules from the droplets is made only 
by pulsations whose scale is less than or close to r in order of magni- 
tude, i .e . ,  the Peclet number P. characterizing the relative role of 
convective motion and molecular diffusion in mass transfer, can be 
written in the form P = vr/D, where v is the characteristic velocity of 
the turbulent pulsations. 

T h e  t h i c k n e s s  6 of  t h e  d i f f u s i o n  l a y e r  c a n  b e  a p -  

p r o x i m a t e d  [6] by  a p o w e r  f u n c t i o n  of  t h e  S c h m i d t  n u m -  
b e r  S = R / P ,  i . e . ,  i n s t e a d  of  (1 .1 )  w e g e t  

d r / d t  = ~1 (q (t) --  q* (t))r -x.  (4 .2 )  

H e r e  ~7 i s  a c e r t a i n  p a r a m e t e r  d e p e n d i n g  on  D, and  
i s  a c o n s t a n t  l y i n g  in  t h e  i n t e r v a l  (0, 1).  T h e  c a s e  
= 1 c o r r e s p o n d s ,  o b v i o u s l y ,  to  e v a p o r a t i o n  i n  t he  

u n d i s t u r b e d  m e d i u m ,  a s  r e q u i r e d  b y  t h e  M a x w e l l -  
L a n g m u i r  t h e o r y ,  and  t h e  c a s e  of  ~ ~ 0 to  h i g h l y  d e -  

v e l o p e d  t u r b u l e n c e ,  w h e n  t h e  v a p o r  t r a n s f e r  i s  p r o -  
p o r t i o n a l  to  t he  s u r f a c e  of  t h e  d r o p l e t .  

As  b e f o r e ,  we g e t  s e l f - s i m i l a r  s p e c t r a l  f u n c t i o n s ,  
w h i c h  in  t h e  g i v e n  c a s e  h a v e  t h e  f o r m  

/ o ( r ) =  2 s r x o x p ( ~  t2-t~ r~+~). (4 .3 )  

T h e  r e s u l t s  o f  t h e  p r e c e d i n g  s e c t i o n ,  a s  m a y  e a s -  

i l y  b e  s e e n ,  a r e  w h o l l y  a p p l i c a b l e  to  t h e  c a s e  c o n s i d -  
e r e d  i f  w e  d e f i n e  t h e  new  a r g u m e n t  by  m e a n s  of  t h e  

r e l a t i o n  

a = 2r  x§ (t  + •  

F u r t h e r m o r e ,  we  s h a l l  c o n s i d e r  t h e  i n f l u e n c e  of  

f r e e  f a l l  of  t h e  d r o p l e t s  i n  t h e  m e d i u m ,  a s s u m i n g  f o r  

s i m p l i c i t y  t h a t  f o r  m a s s  t r a n s f e r  o f  s t a t i o n a r y  i n d i -  

v i d u a l  d r o p l e t s  t h e  M a x w e l l i a n  r e l a t i o n  ( 1 . 1 )  i s  v a l i d .  

T h e  q u a n t i t y  d r / d t  i s  s a t i s f a c t o r i l y  d e s c r i b e d  b y  t h e  

k n o w n  F r e s s l i n g  f o r m u l a  

(4 .4 )  

T a k i n g  i n to  c o n s i d e r a t i o n  t h a t  in  the  g i v e n  c a s e  R = 
= w r / ~  (~ i s  t h e  v i s c o s i t y  of  t he  m e d i u m ) ,  and  t h a t  t h e  
r a t e  of  f r e e  f a l l  w i s  p r o p o r t i o n a l  to  t h e  r a d i u s  r ,  f o r  
t h e  s e l f - s i m i l a r  s p e c t r a l  f u n c t i o n s  we  o b t a i n  

to (r) = Cr (r + k-9 ~lk" e -~'r/~, 
k = 0.27 (It / D)'I~(R [ r~)'J,. (4 .5 )  

We note the two following obvious ways of generalizing the re- 
sults of this paper. Firstly, the proposed method can be extended to 
the case when the transfer kinetics depend not on one, but on many 
processes of the diffusion type. Secondly, it is possible to extend the 
method to heterogeneous systems with more than two phases (or com- 
ponents). For example, the method is directly applicable to the anal- 
ysis of processes in a three-phase water-air system, which is of special 
interest in connection with the physics of clouds. 

R E  F E R E N C  ES 

1. L.  I .  K h i t r i n ,  P h y s i c s  of  C o m b u s t i o n  and  E x -  

p l o s i o n  [ in  R u s s i a n ] ,  I zd .  MGU,  1957.  
2. A. B.  R e z n y a k o v ,  B u r n i n g  of  P u l v e r i z e d - C o a l  

F l a m e s  [ in  R u s s i a n ] ,  I zd .  KazSSR,  1958 .  
3.  M. V.  Bu ikov ,  " E v a p o r a t i o n  of  a p o l y d i s p e r s e  

f o g , "  K o l l o i d n .  z h . ,  vo l .  24, no .  4, p .  390,  1962 .  
4. Yu.  A. B u e v i c h ,  " D i f f u s i o n  p r o c e s s e s  a t  m o v -  

i n g p h a s e  i n t e r f a c e s , "  Zh .  f i z .  k h i m . ,  vo l .  38, no.  3, 

p .  658,  1964.  
5. A. Kh.  K h r g i a n  and  I .  P .  M a z i n ,  " S i z e  d i s t r i b u -  

t i o n  o f  d r o p l e t s  in  c l o u d s , "  T r .  t s e n t r ,  a e r o l ,  o b s e r v . ,  

no .  7, 1952 .  
6.  V.  G. L e v i c h ,  P h y s i c a l - C h e m i c a l  H y d r o d y n a m i c s  

[ in  R u s s i a n ] ,  F i z m a t g i z ,  1959 .  

9 N o v e m b e r  1965 M o s c o w  


